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RESUMEN:
En este trabajo se presentan algunos resultadestemente desarrollados en el estudio de los lvede respuestas
aleatorizadas. El uso del muestreo de conjuntienaidos es analizado.
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1. INTRODUCTION

Assume thatY is a sensitive variable which we plan to evaluate finite populatiord={u,...,x }. Some
individuals have values ofY that carries a stigma. Hence he/she will tendute mpcorrect information
or to refuse to answer. It is well known that whemdeal with sensitive questions we should facentred
to reduce the refusals to respond and the resgmase A possibility is to replace the direct resp® to the
sensitive question by using a random response (RB)y. The seminal work is due to Warner (1965).
Some recent contributions on the theme are Singgk§j1993) and Zou (1997) for example. All the
papers on RR have a common feature: a tradit&amabling design provides the sample.

Warner's RR-model dealt with a qualitative questite possible responses are “yes” or ‘'not’. Thef
the surveyor is to estimate the probability of ingvihe stigma. It is expected that a large percktite
persons bearing the stigma will lie or refuse tevegr. The basic Warner's method consists in ptatie
question associated with the stigma together vathesinsensitive ones. The respondent choosesmdando
a question and answers it without revealing whiels selected. When we deal with a quantitative chara
a similar reasoning can be used. Chaudhuri-Std2€5) developed a model for obtaining a report
which is the evaluation of a function of the sdmsivariable and of other innocuous ones.

After the seminal paper of Warner (1965) differemtributions have generated a large set of models
The models are generally based on the selectiamale using simple random sampling with replacement
The collection of models is being enlarged withergccontributions as Singh-Singh (1993), Chaudéturi

al. (1996), Zou (1997) and Singh et. al. (1998)g8iet.al. (1998) proposed the use of a randomized
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procedure for estimating the mean of a quantitatheracter and the proportion of members of a gang
the population. Two independent samples shoukklexted by using srswr.

Ranked set sampling (rss) was first proposed bynhitel (1952). He used this model for estimating th
mean of pasture yields. This design appeareduasfal technique for improving the accuracy of the
estimation of means. This fact was affirmed botathematical proof of it was settled by Takahashi-
Wakimoto (1968). In many situations the statisticdeals with the need of combining some contrdl an
the implementation of some flexibility with the uska random based sample. This is a common proble
in the study of environmental and medical studiesthese cases the researcher generally has atiantth
accurate information on the population units.sltélated with the variable of interest Y and tokréhe
units using this information is cheap. The rss pdage is based on the selection of m independemtlsa,
not necessarily of the same size, by using simgiidom sampling (srs). The sampled units are raakdd
the selection of the units evaluated takes int@atthe order of them in the combined m samplds
proposal of Mclintire (1952) was to use a predictbry. After some experiences with its applicattbe
lack of a coherent statistical theory appearechaataresting theme of study to theoretical stiafests.

The units can be ranked by means of a cheap proeedd then an order statistics is selected frazh e&
the independent samples selected using srs withaepent (srswr). It turned out that the use okedrset
sampling is highly beneficial and leads to an eatonwhich is more precise than the usual sampknme
per unit. The method is now referred to as rardetdsampling (rss) method in the literature. Seié Pa
(2002) and Patil et. al. (1994, 1999) for a dethdescussion . Some recent papers on the uss of rs
sampling a finite population are Barabasi-Pisa@D@ and Bouza (2002 a, 2002b).

In this paper we will develop a study of the useatternative rr procedures when rss is usedadsté srs
with replacement (srswr) for the above present&iniethods . Section 2 deals with the model for
guantitative variables and section 3 with the datilie variable case. We derive criteria for ojiing
(maximizing) the gain in accuracy due to the usessf

2. CHAUDHURI-STENGER’'S UNEQUAL PROBABILITY RR MODE L

2.1 The basic model

Let us describe briefly the RR procedure propose@taudhuri-Stenger (2005). The procedure is
implemented by determining a set of valxXeq0,1,...,T}. The interviewed person performs a random
experiment and selects a membeKafhich we denote bj. Take the probability of observing a certain
valueas P(X=A1)=rm, A=0,1,...,T Assuming that it is a probability distribution :

20 =1

The report of an individual; is

Y, if X; =0
W = ,
A, if X, =h

HenceEg (W, )= 78Y;+ X1 1A,

Note that the mean of the insensitive variabie known and is given by, =371 77AY 2 -1 75 Then we
expect that the responsewpbe 14y = 78Y; +(1-75) tn . We can compute from the response of each u

S - \/VI B (1_ no)/uA

7T
Under the described moddl we have that & (S; )=Y,. ThenS is model unbiased and its model
variance is:
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]
T, (L= )Y = 27, (L= TR)Y; fp+ D A = (L= 1) i
h=1

Vu(S) = ST =V

When we select a sample s the procedure genenatesita D(S )={(u, W )/uls, WY, A ..., A}
The sample mean is:

n
s
S=12 2.2)
n
The model unbiasedness®permits to derive easily th&Ew(S)= 4, wherek, is the design expectation.
Hence we have that

E.En (S) =Ky
We consider that the trials performed by each $ednp for given the report is independent of those made
any other individual. Then the model variance oR)2is

ER-A

The expected model variance of (2.2) is

E, (V)= 7T (1_”0)(0—5 +/U$)_27To (A= 715) Hakly +y,

i nzﬂg
where
A = (L= 75,)* A
W, == —
L | @)Y - 2m - )Y, uminhAhz - (- )i
EqVy (S) = le Eq in? h=1 23

The only random variable presentdnare the functions of the sensitive variaBleAs Eq(Y;?)= ¢?y + 1Py

Theorem 2.1. Consider the model based RR procedure deschipéuke use oV, given above. The
expected value of the estimator (2.2) of the meambiased and its expected sampling error is:

EV,(S)=V,, = (- 7)(0% + 1)~ 20- ) s, | ¥,
d'M srs - nng
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When srswr is the sampling design used for selgdhie sample

2.2. The rss alternative to Chaudhuri-Stenger’'s uaqual probability RR model.

The basic rss procedure can be described as fllow
Procedure RSS1

While t<m do
Select a sample unit independemtdynfU using srswr.
Each unit i & ranked and the order statistics (6g)),...., Yy are determined.

END
Then the procedure generates the matrix

Yay Yo Yy Yim:1)

Ya:2) Y22) Yie2) Ym:2)

Yy Yo Yo Ymy

Y(1:m) Y(2: m) Y(t: m) Y(m:m)
The ranked set sample is composed by the elenmetits diagonas(i)={Y , i=1,..,nm. The procedure is

repeated r times and the r samples determines plsafisizen=rm . The usual estimator @f, en srswr
is Lirs =2-1" Y, /n and its variance is given B4 3-," Y, /n]= & In. If we base our inferences on the os’s
the mean of them is:

thss =221 2=t e Irm (2.4)

whereYj, is the ith-os of the ranked sampl@). It is well known tha&(Yyy: )=4 t=1,..r. As
1=2i™ 1 Im it is unbiased and the variance/gh, Xy ™ Yy /rm]= 2™ &y /rm?, Arnold et al
(1992):

Note that the ranks do not intervene in the selaatif the sample. We can define a ngép) such that it
assigns to each sampled wgig rank and only one. Each sampled unit may bleechnsing g without
measuringy using some judgments. Say that the rank representain judgment on the value of Y. The
first arising question is whether this ranking affethe behavior of a statistical procedure baseéd iThe
first results in this theme considered that thé&naas perfect, see Mcintyre (1952), Takahasi-Wakimo
(1968). Dell-Clutter (1972) studied this problendalerived that the unbiasedness of the estimator
maintained though an auxiliary variable is usedtfi@rranking and;-;™ (U)-1)= Zi:lmA(i) =0. These
differences play an important role in rss becdhsevariance of an os is givey oz(i) =d -Az(i). An
extreme case is that in which none of the rankigiasd by judgment coincide with the true ones. nte
orders are considered as assigned by a random nisehand4; =0 for anyi=1,..,n. In this case rss
design is equivalent to the srs design.

We will analyze the use of rss when the RR is dsedbtaining the reports. The sampler ranks using
his/her believe on the value ¥f The individual ranked in the i-th place of thelered sampls; gives

his/her report. The set of reportd/f). ,...,.Wm) } is obtained in each cyctel,..,r. Under the model we
have that
Ev (S(i)t) = Y(i)

hence the structure of (2.4) suggests to usedtiraator
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S(rSS) === (2.5)

It is unbiased because
m

B ZI: Hy )
E.Ey (S(rss)) = I_T = My

The model variance of the estimator is obtaineddsling with the fact that for each observation the
variance of the i-th os of the samglg) is:

.
1T (1_]TO)Y(i2)t -2, (1_”O)Y(i)t/'1A +ZﬂhAh2 - (1_”0)/Ui
Vu (S(i)t) =V = g =
0

Then the model variance of (2.5) is

_ 1 O
VM (S(rss) ) = W; V(i)

We should calculate de expectation of the modeawae for rss design. The expectation of the fasm
in the numerator is

E, (m0-m)Y3, )= ma-m)2, +o2, )
As

2 _ 52 2
Iy, =9 _('UYU) _'UY)

Then we have the following theorem

Theorem 2.2. Consider the model based RR procedure deschipéuke use oV, given above. The
expected value of the estimator (2.5) of the meambiased and its expected sampling error is:

m

_ A%((i)
A7) U\?“ = m
A-7%)Y . M5,
EdVM (g(rss)) :V(rss) = N7z + nrrlvz'; +(//2 (2-6)
o )
where
”{[i zJ 2,2 J
Ay | = (L= 71)" i = 270 (L= TR U a iy 77, A2
W, = h=1 - ; _ (1_770)2,UA2 _ 20— 1) Uakly
rm2m,? nm,? 7o nig,

When rss is the sampling design used for selettiegample . The gain in accuracy due to the use of
rss is measured by
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m

z’uz o)

m (1_”0) ,U$ - = m
(1_ 7Ty )ZAZYM
G :Vsrs _V(rss) = nrr:;; + niT = Gl + GZ

[0} [0}

where

N, = ;(ﬂii) * Hy = 24l Hy) = Zl‘, My, = Mty

i=1

ThenG;=- G, and the two designs are equivalent. This restiitcts the fact that the ranking made by the
expert does not provide an adequate ordering. i$hatis equivalent to the use of a random proced

The particular structure of this optimization prexol allows to determine easily an optimal set of
probabilities by fixing intervals such that,/7[a;, ,bb, ], h=0,1,...,k Itis optimal, for a set of arbitrary
selection probabilitieshatthlk 7% =1-a5 Then the optimal strategy is to fix the valueagf 75 .

3. ESTIMATION OF STIGMATIZED CHARACTERISTICS OF AH IDDEN GANG IN A FINITE
POPULATION

Let sand s be independent samples selected by the srswilemate their sizes byq E n; j=1,2. . Each
interviewed selects between a sensitive quegiand an insensitive or@* using a random mechanism.
It selectsQ with probability 7andQ* with 1-7z7 The persons should be convinced of the randonofabse
selection of a numbsgrby the used mechanism. A certain vajties fixed by the sampler. It determines a
threshold and the interviewed has the stigma whier)*. He/she is considered as a member of a gang,
sayG={u; (U X;> .

A random device (1) will be used by the individual isi. Eachu;//s, performs the experiment and
responds; if he/she belongs t6. Else the response is the corresponding selggteNobody except the
respondent knows the question that was answerkdn We may consider that the device generatesgth
a known meam, and variance?;,. The report is described by the model:

Y, with probability s
Zy = . .
Vi with probability 1-m7

A similar reasoning with the second sampleih another random mechanidri{2) associated to a known
meand, and variance&>,. Then we observe:

Y, with probability Vg

Z, =
i {yzj with  probabilty — 1-7

The expectation under the model faj) is E(Z; )= 7E(Y))=7E(Y )+(1-79 8= ras +(1-794 rTis the
unknown proportion of members of the gang .
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z, -2 d
m, =1 17%2 _1_"(9
where
nj
_ =1 L
ztt =- n ’ J _1-2

is an estimator ofrwhen the sampling design is srswr .
The main result of the paper of Singh et.al. (1998)

Theorem 3.1 (Singh-Horn-Chowdury ,1998% is unbiased and
V,+V, V(d(srs))

where
2 2 2
oy +(-moi +-ma(uy —6;)° V; .
v, = Y j y ~ Y SR j=12
An unbiased estimator of g isgiven by
2,6, — 7,0
luSI‘S: 2 lD Lz
and
V6, — i 2+, (0 - U 2
V( srs): 1( 2 Y) 2( 1 Y)

22
m°D
We will develop asimilar theorem when rssis the sampling design used for selecting the samples.

As usua we will assume that there is a cheap method for obtaining information for predicting Y for every
sampled person u; . Hence we are able to rank the selected individual without interviewing them. For
example alook to the medical records of the selected persons permitsto rank the possible level of their
consumption of drugs Y using a concomitant variable X. Stokes (1977) considered the effect of the ranking
errors due to the use of X. He obtained that it does not affect the main statistical properties of the rss mean
estimator.

Asiswell known rss consists in the selection of m independent samples of size m using srswr. Generally m
isnot larger than 5. The individual in the sample are ranked. Take Y (.1,.., Y ¢t)s-..Y m 8S the order
statistics (os) of the sample s;. We measureonly the 0s Y (1..1y,.., Y cyr-+-Y mm)- The procedure is repeated r
times (cycles). Denoting by Y .« the t-th os measured in the cyclek the rss meanis

m r

222 Yo
_ — t=1 k=
Yiss = = mlzr (3.1)
It estimates unbiasedly 14 and

2
m m
2

Zam o2 z(/lvm ‘ﬂv)
=1 _7 =

V(yrss): = 2 2 _L(Y) (3.2)
mer mr mer n mn n mn

m 2
2.0y
g2 G 42

where 4 and 02(0 denote the expectation and the variance of the 0s Y. and mr=n.

The model of Singh et.al. (1998) considered the selection of two independent samples using srswr. We will
select them using rss. The sample sizes are n=r ;m and the use of the random mechanism generates
responses
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Y with probability T
Z, (k) = j(tk . D
y; k) with probability 1-m

] =12 t=1..,m; k=1..r;

33)

Note thaty(t,k) is a random variable and it is not ranked. THenexpectation of (3.3) under the procedure
is:
E/Zi(t.K) /= TE(Y o) +(1- DE(K(LK) )= mapt (1-7 4

From Takahasi-Wakimoto (1988) we can derive AL, 57, Hyv=mr; i, Therefore the design
expectation of the rss mean of (3.3) is:

>Y2,0k

Ed tﬂk:l‘?’]—r = Ed [ZJ(rss)]: T, + (1_ H)HI :'UWSS)
i

The variance of the rss estimator is easily derived from (3.2) as

m m 2 m 2
D Sl
0] o2 Z Yo T HY o? ZAYm o2 A(Y)
VT Y = S A = SLARE= S 34
j(rss 2 mr. 2 n; m. n; ny m;n; .
m.“r. m, " r.; j it J [

it I
j=12

The difference of the means D(Z)= f4ss)i{ 2(ss) CaN be expressed as D(2)=(1-7)(8, -8-,)=(1-)D. Now we

the proportion of personsin agang is 7=1-D(2Z)/D thisis estimated by

(rss)

D

n-(rss) = 1_

where
n

m, My 1

SN zZitk) DD Z,(tk)
d = t=1 k=1 _ t=1 k=1 - 21 -7

(rss) (rss) 2(rss)
mrl I’nZ r2
is the rss unbiased estimator of D(2).
The samples are independent then:
Voo +V.

_ (rss) 2(rss)
V(”(rss) ) == pr (35)
Let us derive the Viss) S. Note thatz(t,k)-E(Z(t,k)) can take one of the two expressions

-

SItK)=Y o/ vyt (-7 /= [Y ontivo /- (1-70/ -1/

With probability 7zor

SR~ WK~/ b+ (-7 81)/= (K- 81)/- T k- G-

with probability 1-7z Then

(M WVies™ 2™e1 2 [TE/SIER P+ (1-DEa/S(tK) F/ (3.6)

Notice that for any j, t and k we have tha{¥ wy-Hv] [6-Hve] =EdlY (t.K)-61)] [Hv-6]=0,

Ea /Y ot = &y isthe variance of thet-th os of Y and Eq /(t,K)-8//= &;is the variance of y for /7j),
j=1,2. Substituting these results in (3.6) we have
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m;
D d g + A= ma] + =70, - piyy)’

V. (eg =2 =12 (37)
j(rss) 2
m;r;

using the relation between the variance of an dglam variance of the variable, we rewrite thisresgion
as:

m; m;
A=Y (6; = yw)? | 1Y (v ~1y)°
t=1 t=1

m;n; m;n;

mw? +(1-mo?
j(rss) = +

v j=12 38)

n;

Compare (3.8) with the variance derived by Singh et. a. (1998) and note that the last term isthe gainin
accuracy due to the use of rss.

The estimation 77 is plugged-in and plugging-in the estimator we derive the variable

Y* — Zj(t’K)+(1_n(rss))6j
j(tt)k

7T,
(rss)
The estimator derived by using the corresponding rss estimators is:

m T
ZZY*j(t:t)k

_ t=1 k=1 Oy ~ Oz 29
ﬂ(rss)_ M = s i —? ()
m;r; (Zars9 =02 )(Zyrss) —61) 2
Note that it has the same structure that gs Then we have that
Virrse (02 = 11y )? +Voieq (61— 12y )
Vit )= LAl 1 (3.20)

212
m°D
Now, we can establish an rss counterpart of Theorem 1.

Theorem 3.2 When the procedure proposed by Singh et. a@8)L8 used for obtaining the randomized
responses and the sampling design is rss we have:

d
1. The estimator of the proportion of persons in theggﬂ(rss) =1- (S'S) is unbiased with
variance (3.5) and itsgain in accuracy is

P (/Jy(t) _/»'Y)2
t=1

Vi
Kahy

=1 mjnj

2. MHgsyisan unbiased estimator of py with variance (3.10) and its gain in accuracy is

my m,
1 le(,uv(t) _qu)z , Zj;(/'{Y(t) _/'IY)Z ,
t= _ t= _
]D 2 mj nj (62 IL[Y ) + mj n]- (91 IL[Y )
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Then the surveyor should manage torfiand D for ensuring a large gain in accuracy
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