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ABSTRACT

In this work simultaneous confidence intervals floe variance components in the two-way balancedsed random effects model with
interaction have been derived under the usual gstsoms of normality and independence of randomeotgfeThe intervals are conservative in
the sense that the true confidence coefficiensisaege as preassigned value. The formulas arilied using published data with SAS
outputs.
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RESUMEN

En este trabajo se derivan intervalos de confisizaltdneos para los componentes de la varianzanemodelo de efectos aleatorios
balanceado de dos vias cruzado con interacciém Jdmpupuestos usuales de normalidad e indepeadimefectos aleatorios. Los intervalos
de confianza son conservadores en el sentido deelquerdadero coeficiente de confianza es tan gramno un valor preasignado. Las
férmulas son ilustradas usando datos publicadespyesentan salidas en SAS.

1. INTRODUCTION

Variance components are the different sourcesdov#iniation in an observation. Random effects ancédnlinear models
are useful in applications that require accounforgcomponents of variability arising from multipt®urces. In the study
of random and mixed effects models, our interes$ |primarily in making inferences about the var@amomponents.
Variance components were first employed by Fisi&18) in connection with genetic research on Meaadelaws of
inheritance. Tippett (1931) used variance companentetermine a method of optimal sampling desizgmiels (1939)
discussed the application of variance componenthadelogy to an investigation of factors that causevenness in wool.
Early applications of variance components were igiaimgenetics and sampling design. Variance coreptshave been
of importance in diverse fields of research andliappons, for example in animal breeding studigs,biology, in
psychology, in industrial applications, behavioeald educational research, and medical researchncarothers. See,
among many others Rao (1997), Raudenbush et &l2)28earle et al. (1992), Verbeke and Molenbe(ga60).

Confidence intervals are needed to quantify theertainty associated with the point estimates. Qlamnfce interval for
variance components have been an important topiesafarch for over 70 years. Numerous articles baes written on
this topic by many authors. See for instance, Aaeké (2005), Bottai and Orsini (2004), Burdick aadaybill (1984),
Burch and lyer (1997), Hartung and Knapp (2000)pufik et al. (2007). Most of these papers are corex with
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developing exact or approximate confidence intarfat specified linear functions of variance comgtis or their ratios.
A collection of confidence intervals for differefiinctions of parameters based on the same sampkmden as
simultaneous confidence intervals (Burdick and ®ilgy1992). The deluge of papers on various aspeftvariance
components in last several years was in sharp asinto the trickle of papers dealing with simultumee confidence
intervals of variance components or the variantegsgSee bibliography by Sahai and Khurshid, 2005)

Hartley and Rao (1967) derived a general procefturéhe construction of the exact confidence regitor the variance
ratios of a general mixed model. The main attribatetheir confidence regions is their applicabilityr a general
unbalanced design that includes fixed effects dbagerandom effects. Their drawback is that theggons are functions
of the unknown variance components and are diffimuteduce the general formula to a simpler foxanefor the simple
balanced design models such as the three-stagedraasd the two-way crossed classification randdecef models.

Simultaneous confidence intervals for the ratiosvafiance components in balanced random models pre@osed by
Broemeling (1969 a). Using Kimbal's (1951) ineqtialBroemeling derived confidence regions for theiarzce ratios.
These regions are polygons and provide simultaneonfdence intervals for the variance ratios. Heeve the resulting
intervals are conservative, that is, the actualfidence level is greater than or equal to the ptevalue. See also
Broemeling (1969 b).

The exact confidence coefficients associated withbeBieling’s confidence regions were obtained byaSahd Anderson
(1973) in terms of the upper tail of probabilitytegrals of the inverted Dirichlet distribution. Sitaneous confidence
intervals for the variance components, excluding tesidual component, in two-fold nested and twg-veaoss-
classification random models were derived by S§h@r4) and are also conservative. Broemeling arel (8876), using
Kimball's inequality, obtained similar regions fobalanced incomplete block random model. Broemg(ii8y8) extended
one-sided simultaneous confidence intervals to dided. Tong (1979), however, showed that two-sigiatultaneous
confidence intervals do not always hold true byirgijvcounter-examples based on mixed linear modé&isiri (1981)
proposed a technique for the construction of siamgbus confidence intervals for the values of@ftiouous functions of
the variance components for a general balancedorarmdodel. This technique can be easily applied tade range of
functions that may be of interest to research watk€onfidence intervals obtained by this technjguewever, are
conservative.

There are tw@SAS macros to compumultaneous confidence intervals. The two macecafied %S multanTests and
%S multanintervals, are based on exact evaluations of the underlyintjivatiatet distribution and are extensions of the
published macro%S mTestsand%S mintervals. The macros are widely applicable tools, see Fearid Bretz (2004).

The description of two-way balanced crossed cl@sgibn random effects model is available in theréiture, see Sahai
and Ojeda (2004). Sahai (1974) considered thremstasted random effects model and two-way croskessification
random effects model without interaction and depetbformulas for the simultaneous confidence imtlsrfor variance
components excluding the error variance componérg.technique is based on combining two or moreriads about the
function of parameters from the experimental d&tecently Sahai and Ojeda (2004) considered sinedias confidence
intervals involving two-way crossed classificatioith and without interaction among others.

The object of present investigation is to develioputtaneous confidence intervals for the varianmmpgonents of two-way
balanced crossed classification random effects imeitle interaction excluding the error variance qmment.

2. TWO-WAY BALANCED RANDOM EFFECTS MODEL WITH INTER ACTION

The model can be written as

Yy =ut+a+b +y,+e, (=12..,pj=212..,gandk=12,...r) 1)

where — o0 < [/ < o0 s the general constant a, bj , V;; and & are mutually independent normal random variables

_ . . 2 2
with zero means and respective varlancﬂﬁ,ab,a

, and Jez (0 Jj,as,aj,aﬁ<oo). The parameters

2

v and Jez are known as variance components.

o2,02,0
The usual sum of squaréij,Sf,Sﬁ and Se2 of ANOVA are independent and further
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2 2 2 2y, 2
Sa~(0-e + rO'y +qr0—a)X[p—1]’ (2)

2 2 2 2y, 2

SD~ (0'e+l'0'7 +pl’0’b))([q_1], (3)
2 (2 2y 2

S, ~(0: +10)) Xip1yau “)
2 2y .2

S: ~(07) X lpg@-1)] * ©)

where )([zn] is central chi-square distribution withdegrees of freedom (d.f.)

Let
n =pqg(r=1,n, =(p-(q-1,n; =q-1n, =p-1
Xi = x/lasnd x5 = xilasn,), x; = xila,;n,l,
Xa = Xxalazinod, xs = xilasingd, xe = xilasing,
F,=F[l-a;n,nl F,=F[1-a;n,n]
F,=F[-a,;n,.n] F,=F[1-a,;n,,n]
Fs=F,[1-a;n,n] Fo =F[1-a;n;,n],
F,=FR-a,;n,n] Fg=F[1-a,n,n],
Fo =F,[1-as;n,n,], Fy=F[1-a5n,n,],

where x’[a;n] and y’[a;n] are lower and uppejy” -limits which enclose(1— @) probability of the distribution
with nd.f. and F,[1-a;n, n] and F,[L-a;n, n,] are lower and upper limits of Snedecor’s F-distiitn with n,
and n, d.f. which enclosgl— @) probability of the distribution.

Below we derive the simultaneous confidence intsriar (aj,aﬁ),(abz,aﬁ) and (U:,sz,aﬁ) for known value of

o>,

e

The simultaneous confidence interval (aﬂfj ) Uﬁ) is derived for the known values otez and 05 .

2.1Simultaneous confidence interval for(c2 ,03)

From (2), (4) and (5) the usudlO0(1- a,)% confidence intervals about parametric functicﬁn%2 + raf + qraj) and

212 2 2 .
(o;log + dolo;) are given by

2 2
{S—"’zs (gZ+ro’ +qrol) < S—g} (6)
X2 1
and
2 2 2 2
l %_1 < 0_/2 qo-_fzl < l @_1 . (7)
r\n,S;F, o o rin,S;F,

Similarly the 1001 — @,) % confidence intervals about the parametric fumstigo> + raﬁ) and 05/0: are

252



S? S?
{—ys (02 +raz)s—y} (8)

2 2 2
1S, “1]<%r el S, 1% 9)
r{n,S’F, o2 r | n,S’F,

From (6) and (8) a set of simultaneous confidenterval about(c> + raﬁ +qr o2) and (o’ + raﬁ) with confidence

and

coefficient L— ;) is

2

g2 g2 S?
f; (o2 +r0 +Qre?) < —, — s(a§+raf)s—"’2, (10)
2 1 4 3

wherel— 8, = (1-a,)(1-a,). The equality holds because the intervals (6) &aue statistically independent.

2 2
g
From (7) and (9) a set of simultaneous confidenterval about[—’;+q "3} and 05/092 with confidence
Je

e

coefficient 01— f3,) is

2 2 2 2
| PR LA PE L U PR 1
r(n,S°F, ol “o?) r(nSiF ) rn,SPF, g, r{nSF

wherel— (3, 2(1-a,)(1-a,). The inequality using Kimbal’s (1951) result holscause the intervals (7) and (9) are
not independent. See also Miller (1967, p. 102).

Thus for any fixed value o>, a 100(1- 3,)% confidence region fo(Uj,Uﬁ) is

2 2 SZ SZ
R(o?) = (Ui,ayz):l(s— ]<(a +qo? )<E(S— aj}1 — -0 5055l —~ -aZ||.
rix; Xi r{ Xa r

Similarly a100(1— 3,)% confidence region is
o2 nS? o2 nSE
o) =|(o? -1|g(0?+qo?)s—&| 2 -1,
Rz(e){( 02): { j(yqa)r{nszﬁj

n,S2F,
o[ mS, -1 sazs—ez nS, -11|.
2 14 2
r {n,SF, r {n,SF,

For given value on we have

o221~ 8- B,.

Pl0?,02)0R(02)
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Now the intersection oR (07) and R, (0Z) averaged over any distribution of gives

Plo2.02)0R n R}=[P(02,02) TR (07) 0 R,(02)|02dF (02) 21-5, - 5,

Thus the simultaneous confidence interval (fdrj,aﬁ) determined byR (07) with confidence coefficien{L— 3,) is

2 2

R Rt = S NG E R R AT B

arx- arix ' r
where

SZ 2
f.(S0,8)) = min| — - 0! '(Si‘afj

Xa X2
and

S? 2
f,(SZ,S;) = mins| —%- -0 ,(S‘; —ij .
X3 X1

From R,(07) the simultaneous confidence interval (azrj,aﬁ) is
2 2 2 2 2 2
{a—"‘ (n;—fF -1j <ofg’e (nls—SZF -1} %e g, (S2,5%,82) <02 <72 gz(Sj,sf,Sj)} (13)
qr n4 e’ 2 qr n4 e’ 1 r r

where

0,(S2.5.5?)

. nlSNZ nSj
min SZ/F -1 ( lSZF —1] ,
n2 e’ 4 n4 e’ 2

. nlsZ nS:
min SzyF -1 { ézF —1] .
n2 e 3 n4 e 2

For given sample resultR! (072) and R,(0?) will form a region of intersection which will beobnded by the

and

9.(S:.S'.S7)

intersection of the upper limits and the intersectof the lower limits of(Jj,Uﬁ) determined byR (07) and

2
R, (0¢).
Thus the simultaneous confidence interval (faaz,aﬁ) is given by

nlS: - n4Se2 Fz
n, gr )(22

2 _ 2
<o’ snlsa—”‘*S;Fl,hl(sj,sﬁ,sj) <0? <h,(S%,5%,%) |21- B, - B, (14)
n qr x;

- a

P

where
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h(s:,s?,s?) = min{ n.S ~nSF nS:-nSF, } ,

2 2
X, nrx,

and

nS? - n.S%F 2 5
hz(Saz,Sﬁ,Sez)Zmin{ 1~y 2% "3 nlSa n4SeF1}

2 ! 2
nlr/\/S nlr)(l

To illustrate the technique of constructing simoéiaus confidence interval consider the example fBax and Tiao (1973,
p. 337).

We used SAS GLM to compute the Sum of Squaresrdlegant portions of the output are displayed ibléd..

General Linear Models Procedure
DATA krus;
INPUT driver car mile; Dependent Variable: MILE
CARDS;
1 1 32431 Source DF Sum of SquaresMean Square F Value Pr>|F
1 1 31.709 Model 80 1483.36569583 18.54207120 15.77 0.00D1
........ Error 81 95.24600 1.17587677
9 9 27.638 Corrected Total 161 1578.61171383
9 9 27.385
; R-Square C.vV. Root MSE MILE Mean
proc glm; 0.939665 3.912204 1.08437852 27.71783951
class driver car;
model mile=driver car Source DF Type | SS Mean Square F Value Pr>F
driver*car;
random driver car DRIVER 8 1011.65496616 2645687077  107.54 0.0001
driver*car; CAR 8 362.09848372 45.26231046 38.49 0.00p1
run; DRIVER*CAR 64 109.61224595 1.89234 1.46 0.0547
Source DF Type Il SS Mean Square F Value Pr»F
DRIVER 8 1011.65496616  126.45687077 107.54  0.0001
CAR 8 362.09848372 45.26231046 38.49  0.00p1
DRIVER*CAR 64 109.61224595 1.71269134 1.46  0.0547
General Linear Models Procedure
Source Type Il Expected Mean &gu
DRIVER Var(Error) + 2 Var(DRIVER*CAR+ 18 Var(DRIVER)
CAR Var(Error) + 2 Var(DRIVERAR) + 18 Var(CAR)
DRIVER*CAR  Var(Error) + 2 Var(DRIVER*CAR)

Table 1 SAS Applications: This application illustrates S&LM instructions and output.

Here p=q=9,r=2 S;=3620985 S)=1011655 S’=1096123 and S =95246. Thus n, =81,
n, =64, n, =8 andn, =8, choosinga, = a, = 002, and taking equal tail probabilities we get,

X2 =1646 y2 =2009, 2 =39984 y2 =942709
X2 =1646 y2 =2009, F, = 020, F, = 274,
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F,=05682 F, =170, F, = 020, F, = 274,
F, =01987 K, = 279, F, =0.1987 F, = 2.79.

We used SAS VARCOMP and MIXED to estimate the varéacomponents. The relevant portions of the ougpet
displayed in Tables 2 and 3.

The MIXED Procedure

DATA krus;

INPUT driver car mile; Covariance Parameter Estimates (REML)

CARDS;

1 1 32431 Cov Parm iEBstte Std Error z Pr>|Z|
1 1 31.709

........ DRIVER 6.93@2® 3.51273113 1.97 0.0485
9 9 27.638 CAR 2942328 1.25739891 1.92  0.0543
9 9 27.385 DRIVER*CAR 0.268407290.17734598 1.51  0.1302
; Residual BRy7677 0.18477121 6.36 0.0001

proc mixed covtest;
class driver car;
model mile=;
random driver car

driver*car;

run;

Table 2 SAS Applications: This application illustrates SMIXED instructions and output.

Variance Components Estimation Procedure

DATA krus; MIVQUE(0) Variance Component Estimation Procedure
INPUT driver car mile;
CARDS; Source DRIVER CAR DRIVER*CAR
1 1 32431 DRIVER 2592.00000000 0.00000000 288.00000000
1 1 31.709 CAR 0.00000000 2592.00000000 288.00000000
........ DRIVER*CAR 288.00000000 293000000 320.00000000
9 9 27.638 Error 144.00000000 144.00000000 160.00000000
9 9 27.385
; Source Error MILE
proc varcomp; DRIVER 144.000000 18209.78939089
class driver car; CAR 144000000 6517.77270689
model mile=driver car DRIVER*CAR 160.00000000 2966.73139165
driver*car; Error 160000000 1578.61171383
run; Estimate
Variance Component MILE
Var(DRIVER) 6.93023219
Var(CAR) 2.41942328
Var(DRIVER*CAR) 0.26840729
Var(Error) 1.17587677

Table 3. SAS Applications: This application illustrates SX8RCOMP instructions and output.

Here 53 =1.1759, 53 =0.2684, 5§ =6.930 and 0’*.; = 2.4194.
The simultaneous confidence intervals about tharpatric function ofaj, Jﬁ, and Uez are

P{1802< (62 + 202 +180%) < 21998, 116< (02 +202) < 274 =096

and
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0.2 0_2 0.2
P:6.52< (—’;+9 3}395.73, 0< —’; < 0.78; = 0.96.
Je e ae

The simultaneous confidence interval {@7?, 05) from (14) is
P{093< 02 <12.15,0< 0? < 0.83 > 0.92
2.2 Simultaneous Confidence Interval For Os , 05)

The usuallOO(L— &, ) % confidence intervals about the parametric fumetiof 0, 05 ando? are

2

2 2
{S; <(o2+ raf + prol) < S } (15)

Xe Ls
And
2 0_2 2 2
1 nlfn Sl [ i p 2 <1 @—1 (16)
r n3Se FG o, O¢ r n3Se F5

From (8) and (15) a set of simultaneous confidantervals about the parametric functic(nj +r af + pras) and

(o2 +r 072) with confidence coefficien{l— f3;) is

2 2 g2 S?
{i;s(a§+raf+pra@)si;,—yzs(a§+raﬁ)s—yz}, 17
/Yb 5 4 3

wherel— S, = (L-a,)(1—a,). Here the equality holds because the intervals §b8)(8) are independent.

2 2
g
Similarly form (9) and (16) a set of simultaneocwsfidence interval about the parametric functi{ns% + p—g} and
e e

27,2 , . :
o, | o; with confidence coefficien(l— 3,) is

) 2 2 2 2 2 2
r n3Sez Fe e 7. r nase2 Fs r nZSe2 Fy 092 FAn Sez E

e e
wherel— 3, 2 (1-a,;)(1—a,). The inequality holds because the intervals (9)(@6)l are not independent.

Thus for fixed value o>, a100(L— /3,)% confidence region fo(aj,aﬁ) is

18, o 1S NS L) L, 1S,
Ry(07) = (05’05):_(_2_Jejs(ay+pUb)S— — =0, |,\=|—%—0; |0, s~ -0 ||
' Xs r Xs Mo Xa
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Also a 100(1— 3,)% confidence region is
2 n 2 n 2
R4(a§>:{(a§,a§):‘79( > -1]s(05+pag s”( > - J

2
r \n,S,F,

Thus the simultaneous confidence interval (fdrs,ai) determined byR,(52) with confidence(L— £3,) is

1 Sl? 2 2 1 sz 2 l 2 2 2 l 2 2
2> _g2legie = | g2 | 25 (S2 S2) <02 < f,(SE,S (19)
|:pr()(§ 09J<0-b<pr X52 Ue r 3(Sb y)<0-y<r 4(Sb y)

where

2 2 H SJ/Z 2 Ss 2
f, (S, S)=miny| — -o; |, | =5 -05 |,
Aa Xs
and

f, (S2,57) = min{(s—i -05} (i -05]}.
X3 Xs

Similarly for given value ofz; the simultaneous confidence interval (@ , 0,) from R,(07) is

a_j (nl—sj -1)<02<0-_§ (nl—sﬂz _]J
-_— b —_— )
pr (n;SIF, pr {n;SIF,

ol ol
= 9:(S:, S, SE) <o) <=* 9.(S2. S, SS)}, (20)
where
n S? nSf
2,82, S =mind| —1— - 1|,| —=2— - 1]},
9:(S. S, ) {nzse"ﬁ J(ngstg ]}
and

n,S? nsz
2 32 8y =mind| —~— - 1|,|—>— — 1]t
g4(SD b e) {(nzsezlzs J (nsseze J}

Now proceeding as in section (2.1) the simultaneoudidence interval fo(af ) 05) is
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- 2

2 _ a2 2 _ a2
P[—nls" 5% Fe ¢ g2 <MW "SR (52 52 57y < 07 <, (52,52,57) |21 B, -, (2)
N Pr Xe N PrXs

where

2 a2 2 2
nS, -nS’F, nS; -n,SF
2 ! 2 !

nl r X4 nl r XG

hs(Sj,Sz,Sj)=min{

and

2 _ 2 2 2
nlSy nZSe F3 nlSD B nzse Fs
2 ! 2 :

nrxs; nrxs

h,(S,S%,8) = min{

To illustrate the technique of constructing theudianeous confidence intervals, consider the datngn Section 2.1.

The simultaneous confidence interval about therpatac functions(a? + 20y2 +18572) and (o2 + 205) are
P{5035 < (02 +202 +185%) < 61461 116 < (o2 +20%) < 274 = 0.96

and about the parametric function /o? + poglo? ando’lo? are

2

o o
P<1912< (—y +9

2 2
J—gJ < 26835,0< 2 < 078! > 096.
g

e

o? o

e

® N

The simultaneous confidence interval (aﬂfs,aﬁ) formed from the boundary intersections from (&l) i
P{ 272< 02 <3408, 0< 0% < 083> 092.
2.3 Simultaneous Confidence Interval For (Ua2 ,20,)2 ,05)

From (6), (8) and (15) the simultaneous confideimterval about the parametric functior(sxfs +ra§ +qr0a2),
(g2 +ro} +proy) and(a; +ro}) is
2
2 2 2 SD
<(o;+ro, +proy)s—,
5

2 2 2
S <(og +ro, +aro;) s —;

2 1

{Si S S
)
6

2

S? 2
— < (gl +rol)< Sl} (22)
4 3

wherel— B, = (1-a,)1-a,)(1—a;). The equality holds since the intervals (6), (&) &16) are independent.

Similarly from (7), (9) and (16) a set of simultams confidence interval about the parametric fomsti
() 10?+qoilal), (o) 10?+poilol) ando) lo? is
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"~ r{nSF

s o yns )
r{n,S’F, o r(n,SF,

wherel— S, 2 (1-a,)1-a,)(d—a;). The inequality holds since the intervals (7),48) (16) are not independent.

1( nS? o, o) 1 nS
?( b -1 s[—g+p—g <—1—5—1, (23)

Thus for fixed value o>, a 100 (L— ;)% confidence region fo(Uaz,Us,Uﬁ) is

1

2 2 SZ SZ
l(%— jJs(aﬁ#paﬁ si(%—ajj,l — -0 saﬁsE — -0l ||
'\ Xe r\Xs M\ Xa F\ X3

Also a 100(1— B)% confidence region is

2 2
r\x r\x

2 SZ 0.2 nSZ
0?)=|(02,0%,0%): Ze| M2 _q|c(g?+qo2y<Te| 2 |
RG( e) |:( a b y) r n4SeZF2 ( 1% q a) r n4SezFl

2 2 2 2 2 n SZ 2 n SZ
9. —n1§° -1|< (0’ + paj)sﬁ —nlf‘J -1, =8| —r-1l|sol s —=| — L -1]|.
r {n,SiF r {n,SJF, r { n,SJF, r{ NS,k

Now, proceeding as in Section 2.1 regardless ofrtteevalue ofo 5

2 2
<o?< nlsa _n4Se F1

P[ nlsj B n4Se2 Fz 2

nary;  ° narx; (24)
2 _ 2 2 _ 2
DS TAF (p WS TMAE (s 52807 < he(ss,S.f,sz,SS)}zl—ﬁs

N, prx, N Prxs

where
nS, -n,S’F 2 —n,S? ?-n,S;
h(S2, S, S2,S2) = min) i 12> 4,n130 nSZSeFG’nlsa n425eF4
nrx., n,rxs nrx,

and

(52 S0.87,57) = min{nlsy “NSiFs S S S o0, Fl}

2 ! 2 ! 2
ner3 ner5 nlr/Yl
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Equation (24) gives the required simultaneous demfce interval for(Uaz,Js,Uﬁ).

To illustrate the technique of constructing thedianeous confidence intervals, consider the diaengn Section 2.1.

2

2
, ando; are

The simultaneous confidence intervals about tharpater functions on1 , sz ,a

P{18.02 < (0f +20) +1807) < 21998,50.35< (0] + 20, +1807 )< 614,
116< (02 +20%) < 274 = 094

and

2 2

o 2 o 2
P! 652< [—g + 90—;} < 95731912 s[—g + 90—31 < 26835,0< 02/ 07 < 078 = 094,
g, g g, g

e e e e
The simultaneous confidence interval ((ﬂj,as,aﬁ) is

P{ 093<0? £1215,272< 07 <3408,0< Jﬁ < 083} > 088.
2.4 Simultaneous Confidence Interval for(02,0;)

The 100(L— a,)% confidence intervals about the parametric funtifar: + raﬁ +qro?) and Js/(J: + raﬁ)
are

2 2
{S—azs(aj+raﬁ+qraj)ss—‘;} (25)
2 X1
and
2 2 2
i@_l S%Si @_1 . (26)
qr n48yF8 o, tro, aqr n48yF7

The 100(1- @)% confidence intervals about the parametric funetibar” + raﬁ +pro?) and(o? + I‘Uﬁ) are

2
6 5

2 2
{%s(aﬁraﬁpraﬁ)s S“} (27)

and

i[ S —1J< Iy <i(—”2302 —1]. (28)

2 - 2 2= 2
pr{n,S,Fy o, +ro, pr{nSF,

From (25) and (27) a set of simultaneous confidenterval about the parametric functio(nsfj + raﬁ +qr Uj) and

(o2 + raﬁ + pro;) with confidence coefficien(l— £3,) is
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1 6 5

2 2 2 2
{S_azg( Sa S‘JZ s(a§+ray2+praj)si2} (29)
2 )( X

wherel— 3, = 1—-a,)(1—-a.). The equality holds because the intervals (25)(@@}iare independent.

Similarly from (26) and (28) a set of simultaneashfidence interval for the parametric functlod%/(U tro, )

and 0} /(0e +ro.) with confidence coefficienl - 3;) is
2 2 2
1 nS S . o; si n,S: 1),
ar n, 82 o?+ro; o n,SF,

2 2 2
i @_1 S%Si @_1’ (30)
pr{ n;S,F o, +ro, pr{nSyF,

wherel— B, 2 (L-a,)(1-a;) . The inequality holds because the intervals (26) (@8) are not independent.

Now, for fixed value of(g + raﬁ) we construct 400(L— 3,)% confidence region fog> + g?) as

2 1

L {i—(a +ro )}<0b si{i—(a +ro )H
pr | Xe pr|xs

2 2
R (0 +ro?) = (Jj,O’ﬁ):i Saz—(aj+raﬁ) sajsi S—E‘z—(0§+raﬁ) ,
ar Lx ar X

Similarly a100(1 - ;)% confidence region fofg?, ;) is given by
2 2 2 2 2
o +o! n,S oc-+ro n.S?
R, (62 +r102) = | (o2 +al): —— -1l <ol s 225 -1,
qr n,S'F, qr n,S’F,
2 2 2 2 2 2
o, tro; n,S; 1] < o2 < os tro; n,S 1
pr n,S’Fy, ° pr n,S;F,

Regardless of the true value (> + raﬁ) the simultaneous confidence interval {@> + 0>) is given by

n,S; -n,S’F, co2< S -n,S’F,
n,arx; ) n,arX;
n n 82 n n 82
,S; ~N.S,Fyg <o’ < ,Ss ~ N, 21_,37 -4, (31)
n, pr)(e n, pr)(s

To illustrate the technique of constructing thimitaneous confidence intervals consider the diaengn Section 2.1.
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The simultaneous confidence interval about therpetsic functions(g; + 207, +1807%) and (g7 + 207 +1807) is
P {18025 (62 + 207 +180?) < 21998, 5035< (02 + 257 +18572) < 61461

Similarly the simultaneous confidence interval atbe parameter functiong‘,f/(ae2 + raﬁ) and Js/(aez + raﬁ)
is

2 2
Ploa7<— % <opa141c— % <2058\ > 096.
2 2 2 2
(o; +roy) (o; +roy)

The simultaneous confidence interval (m’j,aj) from the boundary intersections is given by
P{089< 02 <1212, 269< 57 < 3405 2 092

with known values o7y ando’;.

3. CONCLUSION

We have developed simultaneous confidence interf@sthe variance components of two-way balancedsszd
classification random effects model with interastexcluding the error variance component undeugual assumptions of
normality and independence of random effects. We liieveloped simultaneous confidence intervals ttheuparametric

function of g2, 05, and g2, for instance(c? +raf +pro}), (05,05), 072/0'2 + pollo? and O'Vzlae2 . The

technique has been based on combining intervalsitahe parametric functions of the parameters. f@uhnique of
constructing these simultaneous confidence intervatl been illustrated considering SAS outputaubfiphed data.
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