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STABILITY FOR A FUNCTIONAL DIFFERENTIAL
EQUATION IN HILBERT SPACE

MiklavZ Mastingek®, EPF-University of Maribor, Slovenia

ABSTRACT

The stability for the functional differential equation: du/dt = Au(t)+bu(t)+(a*Au)(t) is studied, where A is
the infinitesimal generator of a linear dynamical system in Hilbert space and the convolution term
contains a square integrable real function a. Sufficient conditions for the asymptotic stability of the
solution u are obtained. The results are applied to a retarded partial integrodifferential equation.
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RESUMEN

La estabilidad de la ecuacion diferencial funcional du/dt = Au(t)+bu(t)+(a*Au)(t) es estudiada, donde A
es el generador infinitesimal del sistema dinamico lineal en un espacio de Hilbert y el término de
convolucion contiene una funcién cuadrada real integrable a. Condiciones suficientes para la
estabilidad asint6tica de la solucion u son obtenidas. Los resultados son aplicados a una ecuacién
integrodiferencial con retardo.
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AMS: 93D99
1. INTRODUCTION

We consider the stability properties for the functional differential equation (FDE) of the form:

0
u'(t) = Au(t) +bu(t) + J.a(r)Au(t +ndr >0
“h
u() = ¢ (11)

ur)=¢(r)  rof-ho)

where A is the infinitesimal generator of an analytic semigroup of linear operators S(t) on a Hilbert space X,
b is a real number, a(.) is measurable square integrable real function and the initial value ¢ = (cpo,cpl) belongs
to the product space F><L2(-h,0;D(A)) = Z with F denoting a suitable intermediate space between D(A) and X.
We note that the concept of a linear dynamical system {S(t); t = 0} is equivalent to that of a Cy-semigroup;
see e.g. [Walker (1980)]. In this paper the notation of semigroups will be used.

For any @ [0 Z there exists a solution u = u(t) which satisfies equation (1.1) for a.e. t O [0,T]; see e.g. [1].
Thus we can define the solution semigroup T(t) in the product space Z. Consequently we can consider the
stability of the solution u(t) of (1.1) by studying the asymptotic behaviour of the solution semigroup T(t) in Z.
By the strong continuity of the semigroup T(t) (for the proof see e.g. [1]) there exist real constants M and
w such that

[T <me™ t=0 1.2)

Let A be the infinitesimal generator of the solution semigroup T(t) in Z and o(A) its spectrum. It is known,
when the semigroup T(t) is norm continuous (i.e. it is continuous in the uniform operator topology) for
t = t,>0, then the following relation holds:

sup {Re A: AOo(A)} = inf {w O R; [|T(t)]| < Me* for some M > 0} (1.3)
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and the study of the asymptotic behaviour of the semigroup T(t) can be made through the location of the
spectrum of A.

There are various conditions on the semigroup such that T(t) is norm continuous for t = t; and (1.3) holds.
For instance, for the case when b = 0, Di Blasio, Kunisch and Sinestrari in [1985] have proved: when the
weight function a(l) appearing in the distributed delay term of (1.1) belongs to Wl'z(-h,O;R), then the
associated solution semigroup T(t) is a differentiable semigroup for t > h and thus (1.3) is fulfilled. In Jeong
(1991) has shown: when a(l)l is Hoelder continuous, then the solution semigroup T(t) is norm Hoelder
continuous for t > 3h.

The objective of this paper is to establish norm continuity for t >ty also for the case, where b # 0 and the
weight function a(l) is not necessarily continuous. In section 3 we prove the following result: when a(.) is a

measurable square integrable real function (a O L2(-h,O;R)), then the solution semigroup is norm continuous
for t > h. In section 4 we use the norm continuity of the solution semigroup and consider the stability of the
solution u(lY of the equation (1.1). By known results this can be done by studying the characteristic equation
of a given functional differential equation; see e.g. Hale [1977] and Travis and Webb [1974]. We will study
solutions of the characteristic equation of (1.1) and prove stability of u(.) for the case where the infinitesimal
generator A has real point spectrum such that a(A) = g,(A) O (-e,-a] for some ay> 0. At the end an example
with initial boundary value problem for a retarded partial integrodifferential equation is considered.

Notation: Throughout X is a Hilbert space with norm [|], R and C are the sets of real respectively complex

numbers and L(X) is the space of bounded linear operators in X. For a closed linear injective operator A in X
its domain D(A) is regarded as a Banach space with the norm ||x||D(A) =|Ax||. C(to,T;Y) is the space of

continuous functions from an interval [t,,T] to a Banach space Y and L°(t,,T;Y) denotes the space of
measurable square integrable functions from [to, T] to Y. As usual W"%(t,, T;Y) denotes the space of absolutely
continuous functions on [to, T] such that their derivative belongs to LZ(tO,T;Y).

2. SOLUTION SEMIGROUP

Let A be the infinitesimal generator of an analytic semigroup {S(t); t = 0} on X with O in the resolvent set,
such that:

SOy <My 120 (2.1)
[tAs(®)] , M1 t>0, 2.2

for some constants My and M.

In order to obtain the existence and stability results on the solution of the functional differential equation
(1.1) one usually studies the equivalent integral equation:

t t 0
ut) = S(t)¢® +b j S(t-s)u(s)ds +J.S(t -s) j a(nAu(s +r)drds t>0 2.3)
0 0 -h

For ((po,(pl) O X x LZ(-h,O;X) the initial value problem is not well posed. The appropriate initial data is an
element of the product space Z = F x L%(-h,0;D(A)), where F is the Lions real interpolation space between
D(A) and X given by:

F= {x O X;.[||AS(t)x||2dt < oo} and norm (2.4)
0

1/2
I, - [uxw J nAsmxnzdt]
0
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For the details see e.g. [1]. Moreover, there is a continuous embedding:
L%(0,T;D(A)) n W(0,T;X) — C(0,T;F) (2.5)
so that there is aconstant ¢y such that

"u”C(O,T;F) = CO”“”L2 (0,T;D(A))n W2 (0,T; X) (2.6)

for each u DLZ(O,T;D(A)) n W>2(0,T;X) ; see e.g. [1], [7]. Throughout the paper we will assume a([J to be a
measurable square integrable function:

Assumption 1. a())0 L%(-h,0;R) (2.7)

By assuming (2.7) the existence of solution of FDE (1.1) has been proved in [1]. More precisely: the
following result was obtained: for an arbitrary initial value ¢@= ((po,cpl) 0 Z there is a unique solution u = u(t) of

FDE (1.1) on the interval [-h,T] , T > 0 such that u OL?(0,T;D(A)) n W*2(0,T; X),

||u ”LZ(O,T;D(A))m w2(0,T;X) s Cl" (p”z (28)

and the constant c; depends on T, My, My, ||a||, b. Thus the solution semigroup T(t) can be defined in the
product space Z = F x L(-h,0;D(A)) in the following way:

T = (u(®), u@®) t=20 (2.9)

for every ¢ O Z and u; given by u¢(s) = u(t+s), s O [-h,0]. As noted, this semigroup is strongly continuous in Z;
see e.g. [1]. In the next section we will show that this semigroup is in fact norm continuous for t>h.

3. NORM CONTINUITY
In this section we consider the continuity of the solution semigroup T(t) for t > h in the uniform operator
topology. Actually we can prove that the solution semigroup of FDE (1.1) is norm continuous uniformly in t on

any closed interval [t T] for to> h. More precisely:

PROPOSITION 1. Let {T(t); t = 0} be the solution semigroup of the functional differential equation (1.1) and
suppose that 0 <h<ty<T<T<T, with tyand T fixed. Then for every € > 0 there is a A > 0 such that

"T(TI)(\O_ T(T)(p”z < ‘c'”(p"z (3.1)

holds for every @ O Z whenever (T' - T) < A. The solution semigroup {T(t); t = 0} of the functional differential
equation (1.1) is continuous in the uniform operator topology at every t > h.

Proof. Let u L2(-h,T;D(A)) be the solution of equation (1.1) and O <h <t <1<T <T. We have to show
that

' ' € €
[T)o-Te], =[u)~u@ ] +]ue ~teliz ooy <19l +S 1@l =€l 4 (32)

holds for every ¢ 0 Z, whenever (T'-1) < A.

First let us consider the L? norm of the second term. By definition we have:

0
Ju = [l Auq+n - Au(+n)|dr = (3.3)
Zh

2
v ~U; |||_2(—h,o;D(A))
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Denoting T'-T=A,t =1+ rand ty= 1o - h we get:

T
= IH Au(t +A) - Au(t)dt <
1-h

T-a
< j|| Au(t+2) - Au)dt = luct+ 2 -u)| (3.4)

to

(to. T-AD(A))

In order to estimate the last integral (3.4) we first rewrite the integral equation (2.3) as:

t t 0
u(t) = S(tye® +b f S(t-s)u(s)ds + j S(t-s) f a(r)Au(s +r)drds = -
0 0 ’

-h
= S(t)¢° +bw(t) + v(t)

where

w(t) = J.S(t -s)u(s)ds and
0

t 0
v(t) = jS(t -s) j a(r)Au(s +r)drds
0 -h

By (3.4) we need the estimate of the difference of u(t) which can be written in the following form:
u(t +A) —u(t) = (S(t +A) - S(1))” +b(w(t +A) — w(t)) + (v(t + A) — v(t)) (3.6)

Let us consider the terms on the righthand side of the equation. For the differences of S(t)¢ and v(t) the
L2-estimates were given in [8], where it was shown that for arbitrary t,> 0 and g; > 0 we have:

| (stt+2)-s()e”

L2(to, T:D(A)) = E1” ‘p”z

and 3.7)
"V(t +A) - v(t) ||L2(0,T—A;D(A)) s 81” (p”Z

whenever A is sufficiently small. Thus we only need to find the estimate for the difference of w(t). Let us
rewrite this term as follows:

t+A t
Wo(t) = W(t+A) - w(t) = I S(t+A-s)u(s)ds - I S(s)u(s)ds =
0 0

(3.8)

t+A t
= J.S(s +A-s)u(s)ds + I [S(t+a-s)-S(t-s)]u(s)ds = wy(t) + W, (1)
0 0

By assumption A is a closed operator, u DLZ(—h,T;D(A)) and S(t) commutes with A. Therefore we may
take A into the integrand (see e.qg. [4]) and write:

t+A
Awy(t) = j S(t+A-s)Au(s)ds

t
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For every t O [0, T-A] we have:

t+A
| Aw, ] =My [[lAu(s)|ds
0

Moreover, by the Hoelder inequality it follows

|Aw, ()] < Mo‘/Z”u”Lz(o,T;D(A))

In order to obtain the estimate of w,(t) we note that from (2.1) and (2.2) it follows:

[S(t+0)=S®)], .\, <2Mo and

L(X)

[S(t+8)=S®)] ., < Mé

L(X)
for t0O (0, T-A). Thus we have:

Is(t+0)-s)|, o S Msk(®)
where Ms=max (2My,M;) and
k(t) = min[l%) t>0
Hence by the same argument as above we get:

| Aw, (0] = Ms [K(t =) Au(s)|ds
0

By the Hoelder inequality then it follows:

t

| Aw, ()] < Ms{j(k(t -s))? ds] ”u”LZ(O,T;D(A))

0

By direct integration of k the following estimate is obtained:

t t-A t
j(k(t—s)zds) < J’ + J' <2
0 0 t-A
(see e.g. [9], Thm 3.1, p. 110). Thus it follows:
" AWZ(t)” s MS‘/E\/Z”u”LZ(o,T—A;D(A))
By the estimates (3.9) and (3.12) then it follows:
[ Awo (] < MYBJul 1 pgay

for some M and each tO[0,T-A]. Hence by integration we get:
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”WO ”LZ(IO,T—A;D(A)) s M‘/ZV T-1t ”u“Lz(—h,T;D(A)) (3.13)

By estimate (2.8) it also follows that

[wo

for any €, > 0 and A sufficiently small.

L2(ty, T-A;D(A)) = 82”(9"2 (3.14)

By applying the estimates (3.7) and (3.14) to the equation (3.6) we get:

Juct+5) =u()| (3.15)

€
ooy S 5191

for any € > 0 and A sufficiently small. Moreover, from (3.3) it follows

u <>|q|
L2(-hoD(A)) ~— 2 MliZ

v U

which proves the second estimate in (3.2). By using the continuous embedding (2.8), (2.9) the first estimate
in (3.2) can be obtained exactly in the same way as it is shown for the case b = 0 in [8], hence we omit the
details. Therefore from the estimate (3.2) we may conclude that the solution semigroup is norm continuous
uniformly over any closed interval [t,,T] and t, > 0.This shows that it is norm continuous at every t > h as
stated by Proposition 1.

4. ASYMPTOTIC STABILITY

As we have noted in the introduction, the norm continuity of T(t) for t>h implies, that the spectrum of the
solution semigroup T(t) can be determined through the location of the spectrum of its infinitesimal generator
A. 1t is known that for a functional differential equation the spectrum of A can be obtained by the so called

characteristic equation of equation (1.1). Therefore we define for every complex number A the operator A(M):
D(A) - X:

AA)X = AX - bx — AXx — m(A)AX, where
0

m\) = 1+ f a(s)e’ds
-h

The equation A(A)x = 0 is the characteristic equation of equation (1.1). As noted, the spectrum of A can be
determined from solutions of the characteristic equation. This was done in detail in [Di Blasio, et al. (1985)].
We will apply some of those results to the case where the infinitesimal generator A has only real spectrum
satisfying the assumption:

Assumption 2 : o(A) = gp(A) O (-, -00] , for some 0y >0 (4.2)

In that case the following characterization of the spectrum of A can be obtained by the same argument as

that given for the case b = 0 in Proposition 5.2 in [2]: If the function a() is such that m(0) # 0, then the
spectrum of A satisfies the relation: o(A) O M1 0 My, where

M= {)\ O0C; m(A)#0 and ﬂDcy(A)} and (4.2)
m(A)

Fo={AOC;A 0 and m(\) =0} (4.3)

The condition m(0) # 0 means that 0 is not in the spectrum of A. For instance this occurs when HaHL1 <1.
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From the characterizations (4.2) and (4.3) of the spectrum of A it follows that the stability properties of the
solution can be given in terms of the weight function a(). In that direction we can prove the following result.
PROPOSITION 2. Suppose A is the infinitesimal generator of a bounded analytic semigroup on X satisfying
condition (4.1), b<0 and a(.) is a weight function such that

HaHl_l(—h,o;R) <1 (4.4)

Then the solution u of the functional differential equation (1.1) is asymptotically stable and the following
estimate holds

O @5)
for some M >0, w>0and allt=0.

Proof. Let wyO (0,00) be arbitrary, so that €5= wy/ag < 1. Furthermore let us define

ap = (1-g5)e ™" (4.6)

We will show that under the assumption
El L(-ho:R)< @0
it follows that ReA <-wy for A O T 0y and hence for every A O o(AN).

Suppose first that A O ;. Hence by (4.2) A satisfies the equation (A-b)/m(A\) = -a for some a > o, and
-a 0 o(A). The equation can be rewritten as

0
14270 —'[a(s)e“ds
a “h

Put A= x + yi. For the real part we get

0
b _ —J.a(s)e"S cosysds
h

X -

1+

We will show by contradiction that in this case x satisfies the inequality: x < -wy + b.

So let us assume for instance that -wy< x - b < 0. In that case we get

1—80 :1—& <1+X7_b
Uo Uo

<

0
Ia(s)exs cosysds
h

<1+X~

<

0
<" [la(s)ds =e"al,
-h

<
(-h,0;R)

<e®ha, =1-¢,
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which is a contradiction. Furthermore let us assume that x - b > 0. Then we get

1—80 :1—&<1<1+X7_bs
o o
0
< Ia(s)exs cosysds| <
h

0
< [la)lds =|als y om < 20 <1
-h

which is a contradiction again. This shows that x < -uy+b. Moreover, since b <0 it follows that x < -wy,.

Suppose that A Oy Then by (4.3) A satisfies the equation
0
1+ Ia(s)e“ds =0
-h

Assume that ReA > -wy. In that case we get:

0
J.a(s)e“ds
“h

1= <

0 0
< J.\a(s)\exsds < gl ﬂa(s)\ds =
“h “h

wgh H

woh
= < 0 =1-
e aHLl(—h,O;R) ey =1-¢

which is a contradiction. Thus for every A O o(A)we have the following estimate: ReA < -wy, where wy is an
arbitrary number from the interval (0, ap). By (4.6) for sufficiently small wy the upper bound a, will attain any
value close to and less than 1. This means that whenever

HaH |_1(—h,o;R)S 4 <1

there is an wy > 0 such that ReA < -uy <0 for every A O o(A). Therefore by relation (1.3) there exist w> 0
and M >0 such that

[T(t) <Me™ forall t=0,

which completes the proof of Proposition 2.

EXAMPLE. The results given above can be applied to the following initial boundary value problem for a
retarded partial integrodifferential equation:

0
u,(t, x) = Au(t, x) +bu(t, x) + Ia(r)Au(t +r,x)dr for ae. (t,x)O [0, T]x Q
-h

u(t, x) = g(t, x) for ae. (t,x)O [— h,O]x Q
u(o, x) = f(x) for ae. xOQ
u(t,x)=0 for ae. (t,x)O [0, T]xaQ
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where A is a Laplacian, Q is a open bounded subset of R" with regular boundary dQ, b O R, a O L2(-h,0;R)
and g and f are given functions. We can consider this problem as an initial value problem in the Hilbert space
X = L%(Q) by setting A=A and D(A) = W4 Q) n W,"(Q). For the details see e.g. [9],[11].

COROLARY. If b<0 and a satisfies condition (4.4) then the solution u = u(t,x) is asymptotically stable.
Proof. We note that A is a selfadjoint and negative operator with spectrum lying on the negative real axis and
satisfying condition (4.1). It also generates a bounded analytic semigroup on X. Thus the asymptotic stability
of u follows directly from Proposition 2.
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